We investigate the relaxation of two collective spins in double domain system, which are individually coupled to a single bosonic reservoir, by varying the total number of spins in each domain and their initial spin configurations. A particularly interesting situation occurs when the spin domains are set in an antiparallel configuration. Further for an unbalanced configuration where the number of spins are in the excited state initially is much greater than that in the ground state, the spin ensemble prepared in the ground state relaxes towards a negative-temperature state.
We investigate the relaxation of two collective spins in double domain system, which are individually coupled to a single bosonic reservoir, by varying the total number of spins in each domain and their initial spin configurations. A particularly interesting situation occurs when the spin domains are set in an antiparallel configuration. Further for an unbalanced configuration where the number of spins are in the excited state initially is much greater than that in the ground state, the spin ensemble prepared in the ground state relaxes towards a negative-temperature state. Introduction.-In recent years, the hybridization of quantum systems has become a key technique to design and demonstrate novel quantum behaviors [1] [2] [3] . With the rapid progress in quantum coherent manipulation, hybrid quantum systems have now entered the regime where we can observe unexpected or rather counterintuitive behavior even in the presence of imperfections and noise [4] [5] [6] [7] . Such hybrid systems have not only shown the capability to achieve superior properties each individual system alone cannot achieve [5, 8] , but they also shred light on the fundamental complexity of such quantum systems including coupling structures and decoherence mechanisms [9] . Currently a number of such hybrid systems have been proposed (and realized in some cases) with various elements coming from atomic molecular & optical systems to solid-state systems. Example include for instance, trapped ions [10] , optical cavities & resonators [11, 12] , electron and nuclear spin ensembles in quantum dots (QD) or nitrogen-vacancy centers in diamond [13] [14] [15] , superconducting circuits in quantum electrodynamic systems [2] and mechanical resonators [15, 16] . This large diversity of component systems really allows one to explore the unique space hybridization potentially allows.
Our focus in this letter will be on collective coherent behavior in such hybrid spin systems. Coherent collective coupling was originally proposed in quantum optics with one notable example being the superradiant decay of a spin ensemble collectively coupled with an optical mode [17, 18] . More recently squeezing of a spin ensemble via collective decoherence has been proposed [19] . When those spins couple collectively with a bosonic reservoir, the spin dynamics dramatically changes from those driven by individual spin-boson coupling. Typically investigations of such collective behavior have focused on single spin ensembles, primarily as they are theoretically more tractable and easier to experimentally realize. Here we examine a hybrid system of a spin ensemble and a bosonic reservoir beyond this regime. This is achieved by introducing spin domains in the ensemble. Spin domains allows one to partition the ensemble into distinct non interacting components that yet still couple to the same bosonic reservoir. Hybrid systems with multiple domains are being realized experimentally, for instance a nuclear spin ensemble in a semiconductor materials can couple with the NambuGoldstone bosonic mode in the quantum Hall regime [20] [21] [22] .
Our illustrative hybrid system is schematically depicted in Fig. 1 as an ensemble of spin-1/2 particles coupled to a single bosonic reservoir. The ensemble is decomposed into two independent domains, each characterized by its initial state. In our investigation here, we focus on the dynamics of the double domain system, however want to note that the analysis can be easily expanded to multi-domain systems. We explore the dynamics of these double domain system to show that collective quantum phenomena, such as superradiant decay in a domain as well as in the total system. Further we show that the relaxation of a domain to a negative temperature is possible.
Modelling.-Let us now turn our attention to a mathematical description of this hybrid system and our modeling of it. As mentioned earlier, our total ensemble (as shown in the same frequency ω s . In each domain all spins are initially aligned in the same direction either upwards or downwards along the Z-axis. The spins are not in the symmetric state of the whole system (double domain) but are for each individual domain. Thus we can regard the domain D 1(2) as collective spin J 1(2) whose spin magnitude is N 1(2) /2. Next, the spins in domains D 1 and D 2 couple with the bosonic reservoir with a coupling constant g. We further assume that the spin domain size is much smaller than the wavelength to ensure the uniformity of the coupling in terms of both amplitude and phase.
We can now describe our overall system (two domains and the reservoir) by the Hamiltonian
where the first term represents the free energy of the two domains (a = 1, 2 represents the first and second domain respectively) with J
x,y,z a being the usual x, y, z collective spin operators, d is the spatial dimension of the system, and k = (k 1 , . . . , k d ) the wave vector of the reservoir. The raising (lowering) operators of these collective spins are defined by 
The final Hamiltonian terms represents the coupling of the strength g between the two domains and the reservoir where R = d d kκ k r k with κ k being a continuous function of k whose exact form depends on the system under consideration. In our modeling, we will set ω s /2π = 10 GHz and take g ≪ ω s so that second order perturbation with respect to the interaction Hamiltonian between the spins and reservoir is valid. Using a perturbation approach, we can derive the master equation for the reduced density matrix composed only of the two domains defined by ρ S (t) =Tr R (W (t)) with W (t) the density matrix for the total system and Tr R representing the operation tracing out the reservoir degrees of freedom. Further we will assume that initially the spin domains and the reservoir are uncorrelated. We will characterize the reservoir by the density matrix
where H R is the second term in Eq. (1), β = 1/k B T with k B being Boltzmann constant and T the reservoir temperature. Now from (1), the master equation using the Born-Markov approximation can be written as [23] 
where
is the Bose-Einstein distribution and γ is the damping rate which is a function of both the coupling g and |κ k | 2 at the wave vector k s (satisfying E k s = ω s ). Here we take γ = 0.01 Hz.
Here we mainly focus on such relaxations under an antiparallel configuration initial state
To understand the essence of these spin relaxation processes clearly, we focus on the steady state behavior and the relaxation times for each domain. In the case of the balanced system, that is, domains of equal spin size, the results shown in Fig. 2 indicate that starting with the antiparallel configuration (5) the relaxation process for each domain are similar, decaying to the steady state with the same J z i i=1,2 . The average number of excitations at the steady state is dependent on both the domain size N i and of course the reservoir temperature. Here, the red curves are the relaxation processes for the first domain D 1 while blue curves are those for second domain D 2 . As a comparison, the green curve shows the decay process under the parallel configuration initial state defined by
As both this initial state (6) and the Hamiltonian (1) satisfy the symmetry of SU (2) for the total collective spin, the total state decays on the symmetric subspace. In this case, the collective effect of the decay, i.e. superradiant, is most prominent. This superradiant effect would be more visible when the spin size gets larger, which is numerically shown in the difference between (a) for N 1 = N 2 = 10 and (c) for N 1 = N 2 = 100 in Fig. 2 (The relaxation in a finite temperature as shown in (b) and (d) exhibit a similar behavior.) To determine the dependency of the relaxation time τ N for the antiparalell configuration (5) on the domain size, we plot τ N in Fig. 3 versus N = N 1 = N 2 for both zero (a) and a finite (b) temperature. N was varied between 100 -1000. Curve fitting to these data points shows τ N has the form a/N + b, a clear signature of superradiant decay [18] . The steady state of the antiparalell configuration for each domain contains more excitations than the parallel configuration case. This is due to the smaller spin size for the each domain (N 1,2 < N 1 +N 2 ) and the violation of the SU(2) symmetry at the initial time of the dynamics. We can always write the antiparallel configuration as a sum of a symmetric subspace component and an non-symmetric subspace component. The symmetric subspace component decays like in the parallel configuration case, however the non-symmetric subspace component decays differently. This will be illustrated in more detail next when we discuss the unbalanced case
(green) for various unbalanced configuration N 1 > N 2 with N 1 = 2, 5, 10 and N 2 = 1 at both zero and finite (400mK) temperature. In these unbalanced spin size cases, the smallest domain D 2 shows completely different relaxation compared to the larger domain D 1 . In fact, although D 2 was initialized in the ground state of the domain as given by (5), this subsystem relaxed into more highly excited states (even at zero temperature). More interestingly, (c) and (d) for N 1 = 5, N 2 = 1 show that the second domain decays to a steady state at an effective negative temperature (the population is greater than 50%). In fact, the steady state of the second domain gradually gets closer to an almost fully excited state when the system size gets larger. This tendency can be seen from (c) and (e) (or (d) and (f)). To illustrate this point further, we plot in Fig. 5 the relaxation process for N 1 = 10 4 with N 2 = 10 2 at zero-temperature. It can be clearly seen that in the steady state the second domain is approaching the fully excited state, despite superradiant relaxation of the first domain leading it to its ground state with J The relaxation to a negative temperature state occurs even when the second domain is initially in its ground state with no excitation. It is interesting that this can be seen even in a system as small as several spins, though this may appear rather counter intuitive. However we need to remember several things: first and foremost is that we have an energy exchange coupling to the reservoir and so at zero temperature the decay to a negative temperature is not due to the energy flow for the first domain to the second domain via the reservoir. Second this is not a direct effect from the subradient states of the total system. The initial states we considered are not subradient states, which do not decay with the coupling to the reservoir, and if a subradient state was prepared, the system should be effectively decoupled to the reservoir. Therefore this behavior must be a result of the collective decay of the total spin system. Let us explore this decay characteristics of the collective coupling even with a small system considered of N 1 = 5, N 2 = 1. With an initial state | ↑ 1 . . . ↑ 5 D1 ⊗ | ↓ 6 D2 , we need to consider two manifolds of the total system: that is, the symmetric subspace of the spin size (N 1 + N 2 )/2 and the second subspace of the spin size (N 1 +N 2 −2)/2. The dynamics conserves the spin size, these two subspaces are enough to represent the system through the entire dynamics, and there is no transfer of the population between these subspaces. The initial component in each manifold decays via the coupling to the reservoir, hence the component on the symmetric manifold will decay to the ground state | ↓ 1 . . . ↓ 6 . Similarly the component on the second manifold will decay to its ground state. The decay process is confined in each subspace and hence gives the steady states the excitations in the second domain. This mechanism of collective decay also may generate entanglement between the two domains at the steady state, even though the initial state is separable.
Discussion and Conclusion.-In this letter, we have investigated collective spin relaxation processes in a double spindomain system where all spins in the two domains are collectively coupled to a bosonic reservoir such as the NambuGoldstone (NG) mode in electron spin systems. The dynamics of the total system of course shows superradiant decay. Although the initial states we choose were not optimal to observe the supreradiant decay, they were sufficient to demonstrate its nature and more importantly are easier to experimentally realize. When the two domains are not balanced and the unbalance is large enough, we may see the relaxation to a negative temperature. This decay behavior appears more prominent when the size difference becomes large.
The model we discussed in this letter should be able to be implemented in various physical systems, but importantly the decay to negative temperatures needs to be observed in time scales shorter than the spin dephasing time. One possible realization is with a nuclear spin ensemble in GaAs semiconductors coupled with the NG mode as a low-frequency electron spin fluctuation [20, 21] . Here the spin dynamics in quantum dots and the quantum Hall regime has been extensively investigated [13, [25] [26] [27] . It is known that the total system of a nuclear spin ensemble and the NG mode can be described by the Dicke model (1) [22] . The nuclear spins can be polarized initially by the dynamic nuclear polarization [25] [26] [27] [28] [29] [30] , but may not be fully polarized in one direction, which would lead to more than a single domain coupled to the NG mode.
Finally our analysis also indicates that one should be careful when ignoring systems coupled to reservoir. Usually we assume ancillary systems coupled only to the reservoir can be ignored, however as our analysis showed, when there are other systems equally coupled to the same reservoir, they can affect the system of interest significantly and fundamentally. Even the temperature of the shared reservoir is fixed, one needs to be careful to define temperature for the system at hand, as we have seen, the temperature of each domain appears to be different. These effects are much more prominent with the shared reservoir in comparison to the dynamics seen in the systems coupled with independent reservoirs. The case of shared reservoir, the physical properties of the steady state, such as temperature and entanglement, is highly dependent on the initial state of the total system, which might include ancillary systems hidden in the reservoir coupled with it in the same way. In particular, when a small domain is imbedded into a larger domain, a local hot spot might appear as the result of the spin relaxation.
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